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Some simplifications of Coulomb's
active earth pressure theory

by T. S. INGOLD*, BSc, MSc, DIC, MICE, MIHE, MASCE, FGS

Coulomb’s earth pressure theory was
published in 1776. Since that time this
theory has been extended and embell-
ished by many researchers. To this day
Coulomb’s theory still holds good for the
calculation of active earth pressure for
idealised smooth walls and rough walls
where the angle of wall friction is
positive.

One criticism of Coulomb’s theory, es-
pecially when applied to rough walls or
sloping backfill, is that the resulting
equations are arithmetically complex and
tedious to evaluate. This note reconsiders
Coulomb’s theory and suggests simpli-
fications which yield more manageable
equations which can be used without
significant loss of accuracy.

Introduction

IN HIS SOLUTION of the active earth
pressure problem, Coulomb considered
the equilibrium of a wedge of soil bound-
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Fig. 1. The Coulomb soil wedge

P =W tan (©-0)
W=V2 ¥H%cot ©

Fig. 2. The triangle of forces

ed by a smooth vertical wall, Fig. 1. The
soil wedge was considered to undergo
rigid body motion along a planar rupture
surface inclined at 6 to the horizontal.
Coulomb tacitly assumed that the strain
along the planar rupture surface was suf-
ficient to fully mobilise the shear
strength of the soil, in the case of a
cohesionless soil it was assumed that ¢,
the angle of shearing resistance, was fully
mobilised.

From the triangle of forces for the soil
wedge, Fig. 2, an expression may be
derived for the total earth thrust P:

P =1 KyH: ... (1a)

where K = cot ¢ tan (6—¢) w0 W(1D)
By differentiating Eqn. 7a with respect

to ¢ it is found that for a maximum value
of P:

6 =45° + ¢/2 s (2a)
1 - sing

K, =——— wrsi ((2D)
1+ sing

where K, is the coefficient of active earth
pressure.

In the original Coulomb analysis the in-
clination of the rupture plane was defined
by the horizontal distance from the top
of the wall to the top of the emergent
plane of rupture with the shear strength
of the soil being represented by a co-
efficient of friction. It was not until 1794
that Woltmann defined the shear strength
of the soil in terms of tan . In 1802 Prony
simplified Coulomb’s work and presented
it in the now familar trigonometric form.

The effects of wall friction were con-
sidered qualitatively by Coulomb, but it
was not until 1808 that Mayniel, and sub-
sequently Francois in 1820, made a quan-
titative assessment of §, the angle of wall
friction, which is expressed in Eqn. 5. In
1906 Miiller-Breslau extended Coulomb’s

work to a completely general solution, for
cohesionless soil, which allowed for wall
friction, sloping backfill, and walls with
inclined backs.

The Coulomb-Mayniel solution

In 1808 Mayniel extended the work of
Coulomb to take into account the effects
of wall friction. The expression for the
general earth pressure coefficient, again
derived from consideration of the equili-
brium of a wedge of soil is given by the
expression:

K = cot 6 sin (6—¢) sec (8 +¢-68) ... (3)

By differentiating with respect to ¢ to
maximise K, the value of ¢ is:

9 =
tan ¢
tan 'Jtangptsec¢p [ ——— ... (4)
tan ¢ +tan §

Substituting this value of ¢ into Eqn. 3
gives the familiar expression:
Kll ==

cos ¢ =
Vcos § + Vsin (8§ + ¢) sing

It has been shown (Krey, 1936; Cag-
uot & Kerisel, 1956) that for active earth
pressure no great inaccuracy is involved
by assuming a planar rupture surface.
However, work by many researchers
(Kotter, 1903; Prandtl, 1920 & 1927; Soko-
lovskii, 1942) has indicated that the incli-
nation of the rupture plane given by Eqn.
4 is only valid in the vicinity of the heel
of the retaining wall. The “true” rupture
surface is in fact curvilinear (Fig. 3), with
the emergent rupture plane being inclined
at 45° +¢/2 to the horizontal. It is found
that by taking a psuedo planar rupture
plane inclined at 46° + ¢ /2 to the hori-
zontal, as opposed to ¢ as defined in Eqn.
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Fig. 3. Wedge rupture surfaces
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4 that Egqn. 5 reduces to:

1-sing
K, = . (6)
cos § + sin (8 + ¢)

It can be seen that substitution of
3=0 into Eqn. 6, leads immediately to the
value of K, given in Eqn. 2b. For values of
0 < § < 2/3 ¢, the additional error in-
duced by use of Eqn. 6 is less than 1.5%.
The variation of error with the ratio of
8/¢ is shown in Fig. 4.

The Coulomb-Miiller-Breslau
solution

In 1906 Miiller-Breslau published a gen-
eral solution for active thrust in a cohe-
sionless soil. For a rough wall with a
vertical back and backfill sloping at an
angle B the coefficient of active earth
pressure is given by the expression:
K —

a
cos? ¢

sin (¢ — B) sin (8 + ¢)7*

cos;8 | 15
[ cos 3 cos & ]
. {7)

It was found that substituting 6 =45+ ¢/2
in the generic expression for Eqn. 7 did
not lead to any worthwhile simplification.

For the special case when 8 = O, i.e. a
smooth wall, Eqn. 7 reduces to Eqn. 8.
It is to be noted that the idealised “smooth
wall” assumption is of practical applica-
tion in the design of walls and sheet piles
subject to vibration, or coated with a
bituminous material that would act as a
slip layer. The smooth wall analysis also
has application in the design of anchored
sheet pile walls where the vertical com-
ponent of the tie force can lead to down-
ward vertical movement of the pile,
(Broms & Stille, 1976), thus negating the
effects of positive wall friction.

cos? ¢ @)

/sin (¢p—pB) singT]*
hsr —_—
[ cos ]

Eqn. 8 is derived from the maximised
value of the generic equation, Eq. 9, by
substitution of the value of ¢ from Eqn. 70.

K = cos g cos 6 tan (6 —¢)
cosec (6—-p) ... (9)
§ =

tang—tanp
tan'! | tang+seco [ —— e (10)
tan ¢

By substituting the value §=45° + ¢/2
into Eqn. 9, the expression for K, is much
simplified as shown in Eqn. 77.

1-sing
Ka =
1+ sing—cos¢tanp

(11

From inspection, it can be seen that put-
ting B=0 in Eqn. 71 results in the value
of K, given by Eqn. 2b.

The error induced by use of Eqn. 77 for
|B/#| < 2/3 ¢ is less than 1.6% for nega-
tive values of B and less than 4.5% for
positive values of B. The variation of error

(continued on page 42)
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friction of the piled block—i.e. a deduc-
tion of 180MN derived from consideration
of the piles acting as a block, the area
acting in friction being the length of the
pile shafts (13m) multiplied by the build-
ing perimeter. In arriving at this value an
average undrained shear strength of
177kN/m? and an adhesion factor of 0.3
have been used.

The results of the analyses are shown
in Fig. 4 where the computed settlement
has been plotted with respect to the ratio
y/H. It is immediately apparent that if no
deduction is made for the skin friction
component the settlement is consistently
over-estimated. However, when the load
carried in skin friction is allowed for,
agreement between computed and mea-
sured settlements is obtained for y/H=0.7
(transversely isotropic model) and y/H=
0.77 (isotropic model).

Furthermore, the computed settlement
is relatively insensitive over the range of
y/H=0.5 (over-estimate of 20%) to y/H
= 1.0 (underestimate of 20%). In Fig. b
computed (y/H=0.7) and measured set-
tlement profiles show satisfactory agree-
ment; and the effect of ignoring the stiff-
ness of the structure is clearly demon-
strated.

Comparative study

In order to test the validity of the re-
sults obtained above a similar approach
has been adopted in re-analysing results
presented for a 14-storey residential block
on London Clay by Hooper and Wood?.
The building is approximately rectangular
30m long by 18m wide with the lower
two storeys of cast in-situ reinforced con-
crete and the remaining superstructure of
precast units with in-situ stitches. The
foundation comprises 48 under-reamed
concrete piles varying in length from
17.8m to 19.4m with shaft diameters of
0.76m and 0.91m, and base diameters
from 1.2m to 2.0m.

In this case the presence of numerous
shear walls in the superstructure forming
an "“egg-box’’ type of arrangement gave rise
to a 4.0m thick raft of equivalent bend-
ing stiffness. Using the same technique, i.e.
considering the skin friction to act over
an area given by the building perimeter
and the average shaft length of the piles
into clay, an adhesion factor of 0.3 and an
average undrained shear strength of
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Fig. 6. Computed settlements comparative
study
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140kN/m2, a deduction of 48MN has been
made to the total gross load of 106MN
(considered to be uniformly distributed
over the plan area of the building).

The same soil parameters as those
adopted by Hooper and Wood 3 for the
transversely isotropic model have been
used, namely:

Gravel 4m thick E',=100.0MN/m?
London Clay

17m thick E',=6.0+1.0zMN /m?
Woolwich and Reading Beds

14m thick E',=200.0MN/m?,
and for all layers E', = 23 E',,

G, = 066 E',,

vy = 0.1 and ", = -0.15

Again, the vertical displacement of the
underlying Thanet Sand and Chalk strata
has been assumed negligible and ignored.

The results are shown in Fig. 6, where
it is apparent that if no deduction for skin
friction is made then measured (30mm)
and computed settlements agree at a value
of y/H = 0.94. However, when the curve
obtained from the modified load is con-
sidered agreement occurs for y/H = 0.65;
but the computed settlement is relatively
insensitive over the range of y/H = 0.54
to C.8.

Conclusions

One rather obvious general conclusion
that may be drawn from the analyses is
that when comparing measured and com-
puted settlements it is essential to take
account of the stiffness of the structure.
Indeed if this is not done two different
systems are being compared.

It may also be tentatively concluded
from this study of two buildings of dis-
similar bending stiffnesses that, for piled
buildings on London Clay, an equivalent
raft positioned at a depth into clay of be-
tween 0.5 and 0.8 of the pile penetration
into clay should yield a good estimate of
the settlement performance of the struc-
ture (both in terms of total and differen-
tial movement), provided that the ap-
plied load is reduced to take into account
the component of ground reaction acting
in skin friction.
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Some simplifications
of Coulomb’s theory

(continued from page 24)
with the B/¢ ratio is shown in Fig. 5. On
applying the “lInfinite Slope” analysis
(Haefeli, 1948) to a dry cohesionless soil,
Eqn. 12a, it can be shown that for a factor
of safety of not less than 1.5, B must be
less than 2/3 ¢.

F =tan ¢ /tan g sl 1 12a)

For F > 15, 8 < 2/3¢ .. (12b)

It is worth mentioning that Rankine’s
expression for K, for sloping fill retained
by a smooth wall can lead to gross error
(Miller-Breslau loc. cit). In his theory,
Rankine (1857) deduced that the line of
active thrust acts parallel to the surface
of the fill; this implies that the thrust at
the back of the wall can be resolved into
two components, one normal to the back
of the wall and one parallel to the back
of the wall. Since the back of the wall is
assumed smooth, obviously the shear
stress parallel to the back of the wall can-
not be mobilised. The error involved in
the use of Rankine’s theory is shown in
Fig. 6, where the error is expressed as the
difference of the Coulomb active pressure
coefficient and the normal component of
the Rankine coefficient, as a percentage
of the Coulomb value.

Conclusions

Although two hundred years old, Cou-
lomb’s theory still renders acceptable
values for active earth pressure, but the
Coulomb expressions are cumbersome and
tedious to evaluate. Contemporary re-
searchers have shown that the inclinations
of the rupture surfaces for rough walls
and walls with sloping fills are, overall,
different from those derived in the
Coulomb-Mayniel and Coulomb-Miller-
Breslau solutions. By substituting 45° + ¢/2
for the inclinations of the failure planes
in these two solutions, a considerably
simplified expression results. These sim-
plified expressions may be used with-
out significant loss of accuracy. It is
shown that for the case of sloping fill be-
hind a smooth wall, the use of the Rankine
theory can lead to large error.
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